
Progress Report 

Period of June 1, 1975 to June 1, 1975 

Contract AT-(40-1)-2598 

Department of Physics 
The University of Tennessee 
Knoxville, Tennessee 37916 

Instabilities Due to Anisotropic Velocity Distributions 

Edward G. Harris, Professor, Principle Investigator 
Owen C. Eldridge, Associate Professor 
Carl H. Copenhaver, Graduate Research Assistant 
Won Namkung, Graduate Research Assistant 
Andrew G. Kulchar, Graduate Student. 

NOTICE 
This report was prepared as an account of work 
sponsored by the United Stales Government. Neither 
the United States nor the United States Energy 
Research and Development Administration, nor any or 
their employees, nor any of their contractors, 
subcontractors, or their employees, makes any 
warranty, express or implied, or assumes any legal 
liability or responsibility for the accuracy, completeness 
or usefulness of any information, apparatus, product or 
process disclosed, or represents that its use would not 
infringe privately owned rights. 

DISTRIBUTION OF THIS DOCUMENT UNLIMITED 



Abstract 

This is a continuing theoretical study of plasma instabilities and 

related phenomena including nonlinear effects, particle and energy transport 

and heating schemes. In the past year a study of linear resistive instabilities 

with applications to Tokamaks has been almost completed and is being pre-

pared for publication. A sigma stability analysis is being worked on at 

the present time. Some thought has been given to a nonlinear resistive 

instability analysis but not much progress has been made. A study of 

equilibrium and stability of elliptical cross section Tokamaks has been 

completed. 

Considerable work has been completed on plasma heating by RF waves 

at the lower hybrid frequency and by Alfven waves. This work is continuing. 

A study of instabilities excited by runaway beams of electrons in 

Tokamaks has been largely completed. 

Some work has been done on trapped particle instabilities in Tokmaks 

and their relation to other instabilities driven by gradients of density 

or temperature. 

Work is underway on diffusion and thermal conduction in the bumpy 

torus.. 



Introduction 

In the past year we have worked very closely with the thermonuclear 

division of the Oak Ridge National Laboratory and their consultants from 

other institutions. 

In the proposal we submitted in May 1974, we proposed theoretical 

investigations in two areas: 

(1) Macroscopic Equilibrium and Stability. A paper on equilibrium 

and stability of elliptical cross section Tokamaks has been written 

and published as an Oak Ridge National Laboratory Report (E.G.H.). 

A copy is attached. Further work by Carl Copenhaver is continuing 

and some of it is nearing completion. It is described in more detail 

below. 

(2) Kinetic Effects. Considerable progress has been made by Owen 

Eldridge and his collaborators on plasma heating by lower hybrid 

frequency waves and Alfven waves and on runaway beams in Tokamaks. 

This is described in more detail below. Three papers dealing with this 

work are attached. Some work on trapped particle instabilities and 

transport in the bumpy torus is in progress. 



Plasma Heating by Radio Frequency Waves at the Lower Hybrid Frequency. 

Owen Eldridge (with A. H. Kritz of Hunter College, CUNY and A. C. England of 
ORNL) 

In collaboration with the plasma heating group at ORNL the mechanisms 

of plasma heating by RF at the lower hybrid frequency are being studied 

in some detail. The primary purpose of the calculations is to guide the 

experiment which is planned for supplementary heating of the Ormak plasma. 

Equipment is now being assembled for this experiment. 

We have examined critically the linear absorption of waves by ion 

cyclotron damping at high harmonics of the ion cyclotron frequency; in Ormak 

the absorption occurs at each harmonic between the 20'th and 30'th harmonic. 

We find, in contrast to previous theoretical work, that this absorption 

is quxte efficient, with almost all the energy being absorbed by this linear 

process. In contrast to previous theories, the magnetic field gradients 

are included in the analysis and cyclotron damping is treated as energy 

absorption by ions as they drift through resonant surfaces. We find that 

the linear conversion to an ion cyclotron wave does not occur, but that 

absorption with reflection results. 

We also find that only the ions are heated by this mechanism, and that 

electron heating by Landau damping is negligable for the parameters of 

present Tokamaks. The ions are only heated efficiently if the ion temperature 

has been raised to approximately 200 eV by Joule heating. Also the wave 

energy is absorbed by the high energy tail of the ion distribution, by those 

ions with cyclotron radii greater that the RF wavelength in the plasma, 



and that the perpendicular temperature is increased by the radiation. 

A report is enclosed that is being submitted to Phys. Rev. Letters. 

The accessibility conditions which govern the penetration of waves 

from the plasma boundary to the lower hybrid resonance depend rather 

critically upon the precsnce of impurities. We find that these impurities 

change the location of the resonance and produce some changes in the parallel 

wavelength, or parallel index of refraction, necessary for penetration. 

A report is enclosed which has been accepted for publication in Nuclear 

Fusion. 

The wave must be launched on the plasma boundary with proper polarization 

and wavelength so that the accessibility conditions are satisfied. For the 

Ormak experiment a simple dipole antenna, fed by a coaxial cable, is planned. 

We find that a short dipole, with a length of one third the free space 

wavelength, aligned with the toroidal magnetic field is a very efficient 

radiator. The impedance is easily matched and the critical parameter, the 

parallel index of refraction, is ideal for accessibility. A report is 

enclosed and has been submitted to the Physics of Fluids. 

Two principal narts of this program remain to be completed. The 

first is a comparison of the linear absorption mechanism with'the multitudinous 

versions of nonlinear absorption by parametric excitation. Rough extimates 

of the electric field strengths required for excitation indicate that the 

power levels of the currently planned experiments at Princeton and Oak Ridge 

should be sufficient for an experimental comparison of the linear and 

nonlinear processes. The second of the theoretical problems is an evaluation 

of the effect of collisions on RF heating. The experimental results of the 



'Leningrad group indicate that collisional damping is important in a small 

Tokamak. The details of the propagation of the slow wave to the lower hybrid 

resonance are important in evaluating these experiments. In particular 

the wave energy approaches the resonant surface tangentially, so that the 

energy propagates out of the ends of mirror machines. The definitive 

experiments can only be done in toroidal geometry. 

Alfven Wave Heating. 

0. Eldridge, W. Namkung, A. Kulchar 

Serious proposals have been made to heat plasmas by external excitation 

at the frequencies of bounded Alfven waves. For toroidal plasmas with 

the parameters of Ormak the lowest frequency is in the range of 2-3 MHz, 

for which high power sources are readily available. The theory has been 

developed in the magneto hydrodynamic approximation, showing that the 

electromagnetic fields are singular, leading to a continuous spectrum and 

energy absorption, whever a density gradient is present. 

We have begun'a program to analyze the absorption mechanism by including 

nonlinear effects and finite larmor radius effects. Our purpose is to 

answer questions such as: Which particle species absorbs the energy? 

Does the mechanism depend upon collisions? Are there temperature and field 

gradient limitations on the mechanism? The analysis has progressed to the 

point where it appears likely that the energy goes into the electrons, 

because the electron velocity along field lines is of the order of the 

Alfven phase velocity. 



The wavelengths of these modes is of the order of the machinc size, 

so the details of the mode structure become important. We are analyzing 

this mode structure with the magnetohydrodynamic theory to determine the 

qualitative energy flow patterns and efficient ways of coupling energy 

from exterior coils. 

Runaway Beams in Tokamaks. 

0. Eldridge (with D. Spong of the Univ. of Michigan) 

Runaway beams of electrons appear in the early resistive stages of 

Tokamak discharges. For machines with parameters similar to Ormak, the 

circulation frequency of the runaway beam is in the range- of twice the ion 

cyclotron frequency and also near the eigenfrequencies of several stable 

waveguide modes, coupled by the plasma and electron beam. Finite temperatures 

must be included to produce the coupling to the second gyroharnonic. 

Reports of this analysis were presented at the APS plasma division meeting 

and the IEEE plasma meeting by D. Spong. 

Studies of Magnetohydrodynamic Instabilities. 

Carl M. Copenhaver 

1. Linear Resistive Stability Analysis 

This portion of the analysis has been completed* except for a few 

minor problems which will be discussed. A computer code has been written 

which calculates resistive growth rates in cylindrical geometry. However, 

a sufficient criterion applicable to Tokamaks was used to calculate the 

important resistive parameter D so that the results are relevant to Tokamaks. 



In particular, an expression for D was obtained that reduces to the necessary 
2 

criterion of Glasser, Greene and Johnson in the limit of low The 

criterion used here is a sufficient criterion and applies both at low (J 

and moderate 

The sufficient criterion used here indicates that the plasma will be 

stable to resistive perturbations for m > 2, n=l near the magnetic axis 

and in a region outside the characteristic plasma radius. A growth rate 

for the m=l, n=l mode has been calculated for the TFR and the approximate 

10 m sec. compares reasonably well with the 1.4 m sec experimentally 3 
observed . The growth rate for the comparable tearing mode (DB0) is 

about 1000 m sec, which is much too high. The m=l resistivity instability 

occurs along the entire plasma radius but is strongly driven where dp/dr 

(pressure gradient) is maximum. 

The computer code includes a calculation of the discontinuity in the 

logarithmic derivative of the perturbed magnetic field, A, at the singular 

surface and this is used in calculating the growth rate. The value of A 

calculated differs significantly in the two cases: dp/dr = 0 (only case 

calculatcd by the Princeton Code ) and for the more general case dp/dr / 0 

calculatcd here, in the latter case is found to be sensitive to both 

aspect ratio and current profiles. This code also graphically and 

analytically calculates representative singular layer thicknesses. Results 

indicate that ion gyration effects clearly need to be included, however, 

finite Larmor radius stabilization would not affect the m=l results and would 

only effect the m > 2 results. For example, the Friedberg^ Vlasov-Fluid 



model as applied to the Scyllac experiment for the m=2, n=l gave a finite 

Larmor radius stabilization growth rate of .740 m sec. 

The growth rates for peaked and rounded profiles were calculated using 

the basic dispersion formula of Glasser, Greene and Johnson which is based 

on a marginal stability analysis. Since resistivity docs not enter near 

the singular surface, similar calculations for slabs, cylinders, and 

toruses have yielded the same basic scaling of growth rat̂ -s. The difficulties 

associated with the marginal stability analysis arc well known and an 

alternative and more powerful approach is being studied and this is discussed 

next. 

2. Sigma Stability Analysis Including Resistivity. 

This work is being performed together with Dr. Glenn Bateman of ORNL. 
7 8 

Recently, Goedbloed has ressurectcd the llain and Lust equation of 

motion for a diffuse cylindrical pinch. The equation of motion permits-

an initial value problem to be worked. That is, one fixes the growth 

rate and obtains the displacement as a function of radius. The growth 

is varied until the displacement matches the boundary conditions at the 

conducting shell. This gives the correct eigenvalue <>nd eigenfunction. 

Hopefully, "this will give information concerning the correct scaling of the 

growth rate and includes the effect of compressibility. It would avoid 

problems of the marginal Euler equation which has singularities at the 

point F=0, which is exactly the point where the growth rate is being calculated. 

The equation of motion has been redcrivd for a diffuse cylindrical 



pinch with resistivity added. After considerable algerbra four differential 
1 4 4 1 - ^ 1 equations result which depend on Bn, Be> Bz and p* (p* = p + B*B ), the 

components of the perturbed magnetic field and perturbed pressure. These 

equations can be reduccd to a single differential equation involving only 

B* which should in the limit n 0 reduce to the Hain-Lust equation. This 

latter step has not been done as yet. When this is done a computer code 

will be written which will perform the initial value problem. 

3. Nonlinear Resistive Instability Analysis. 

9 
The nonlinear treatment as performed by Rutherford clearly needs to 

be redone. The model used here assumes that the ramp of the sawtooth 

oscillation observed in Tokamaks is due to a resistive interchange instability. 

The electron diamagnetic frequency is superimposed on this. As the current 

profile shrinks and tho temperature profile becomes peaked due to ohmic 

heating then D > 1/4 and the disruptive instability would follow, i.e., 

an ideal MID interchange mode. The pressure gradient would relay and the 

resistive mode would start.over. During the slow resistive phase magnetic 

islands would form with accompanying skin currents and a flattening of the 

temperature profile aroung tho singular surface. This is a nonlinear problem 

Many of the basic ideas would be the same as the Ruther/ord treatment but 

there are fundamental differences: 

(1) An interchange mode (D > 0) and not a tearing mode (D = 0) is 

being considered. This means that A' and the linear growth rate are 

different. 



(2) Cylindrical shell geometry is used instead of slab geometry. 

(3) The inclusing of the dp/dr(t) term at the singular surface to 

account for ohmic heating would permit calculation of the time the dis-

ruptive instability occurs. 

An initial crude calculation indicates that the driving term in the 

displacement expression will be a factor of 10 smaller than used by Rutherford 

and thus that the final mode amplitudes may be in better agreement with 

experimental data. Also since the model will allow calculation of skin 

currents it should be possible to calculate maximum skin currents as a 

function of.time. 

Problems. 

(1) The sufficient criterion D obtained for Tokamaks needs to be further 

established. For example, do even higher order terms enter in? 

(2) The A obtained tends to » at the magnetic axis whether the Princeton 

code (D = 0) is used or the cose developed here (C arbitrary). Although 

D < 0 on the magnetic axis and thus an infinite resistive growth rate results 

at this point. This is clearly a numerical problem and net something that 

is experimentally observed. 

Future Work. 

(1) Sigma stability analysis which includes resistivity to ensure that 

scaling correct, the effect of compressibility, and what happens at the 

D = 1/4 marginal point. The information would be valuable in learning to 

design Tokamaks to live with resistive instabilities. 



(2) Resistive Instabilities with Elliptical Cross Sections 

The sufficient criterion obtained here reduces to a form similar to 

the Solov'ev sufficient criterion in the middle of the plasma. The 

Solov'ev sufficient criterion indicates that elongation of magnetic surface 

sections along the torus axis lead to smaller limitations on the pressure. 

Thus greater stability at high £ against ideal MHP modes is gained by 

going to ellipses. The same basic arguement can be made for resistive 

instabilities. 

(3) Possible Larmor Radius Stabilization 

This would not be a significant an effect as in the ideal MHD case 

but should be included. Such a treatment would require a two fluid Vlasov 

model. 

Trapped Particlc Instabilities. 

0. G. Harris , 

Some work has been done on trapped particle instabilities in Tokamaks 

and the results circulatcd in hand written memoranda at ORNL. 

Transport in the Bumpy Torus. 

E. G. Harris 

Work is underway on the calculation of diffusion and thermal conduction 

in the bu<npy torus. Our approach involves expanding the disbribution 

function in eigenfunctions of the collision operator. We have done this for 

two collision apcrators: (a) A. Bhatnager - Gross - Krook particle-

conserving and energy-conserving collision operator, and (b) A Fokker-

Planck operator with constant friction and diffusion coefficients. 



The transport coefficients have the same form for both operators but the 

numerical coefficients are significantly different. We are presently 

investigating the eigenfunctions of the more realistic Landau collision 

operator. 
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